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A one-parametric stochastic dynamics of the interface in the quantized Laplacian growth with
zero surface tension is introduced. The quantization procedure regularizes the growth by preventing
the formation of cusps at the interface, and makes the interface dynamics chaotic. In a long time
asymptotic, by coupling a conformal field theory to the stochastic growth process we introduce a set
of observables (the martingales), whose expectation values are constant in time. The martingales
are connected to degenerate representations of the Virasoro algebra, and can be written in terms of
conformal correlation functions. A direct link between Laplacian growth and the conformal Liouville
field theory with the central charge c ≥ 25 is proposed.
PACS numbers: 05.10.Gg, 68.05.-n, 47.52.+j, 11.25.Hf
Nonlinear growth phenomena still pose great chal-
lenges in nonequilibrium statistical physics and mathe-
matics. The growth processes observed in various physi-
cal, chemical and biological systems typically lead to the
formation of self-similar patterns with remarkable geo-
metrical properties [1, 2]. Most of them fall naturally
into universality classes depending on the mechanism
driven the growth. However, even the problems from the
same class often require absolutely different approaches
to study them.
The relevant examples are the deterministic dynam-
ics of the interface in a Hele-Shaw cell [3], and discrete
stochastic fractal growths, such as diffusion-limited ag-
gregation [4]. Although these phenomena are both diffu-
sion driven growth processes, the stochastic dynamics is
mainly studied numerically, while the deterministic Hele-
Shaw problem is known to possess a reach mathematical
structure [5, 6]. A single framework unifying these pro-
cesses must resolve the following obstacles: i) A naive
limit of the vanishing particle size in diffusion-limited
aggregation leads to the ill-defined Hele-Shaw problem,
when the interface quickly develops cusps, and ii) There
are no obvious ways to incorporate noise in the determin-
istic Hele-Shaw dynamics.
Both obstacles can be resolved by introducing a short-
distance cutoff ~, so that the change of areas of domains
is quantized and equals an integer multiple of the area
quanta ~ [7]. The cutoff prevents the cusps production,
and generates inevitable noise on a microscale. The mean
field approach allows one to reduce noise to a set of collec-
tive coordinates—specific singularities of the uniformiza-
tion map of the domain [8]. However, this approach gen-
erally fails to take account of quantum fluctuations of the
collective motion [9].
In this paper, we use the stochastic mean field method
to study the interface dynamics in quantized Laplacian
growth by adding noise to the motion of collective coor-
dinates. The backbone of the theory is an assumption
that the quantum dynamical problem, that is the evo-
lution of the quantized domain in the Laplacian growth
process [7, 10], can be replaced by a superposition of
classical dynamics.
Loewner-Kufarev equation. Below, we use a Loewner-
Kufarev theory to study two-dimensional growth phe-
nomena [11, 12]. Let w(z, t) : C \ Dt → D be the time
dependent conformal map from the exterior of the sim-
ply connected domain Dt to the complement of the unit
disk D in the auxiliary w plane (see Fig. 1). The map is
unique provided the following conditions: w(∞, t) = ∞,
and the conformal radius r(t) = 1/w′(∞, t) is a positive
function of time t [13]. The growth of Dt can be then
represented as a Loewner chain, i.e., a sequence of con-
formal maps satisfying the ordinary integro-differential
equation [11, 12],
dw
dt
= w
∫ 2pi
0
dφ
2pi
eiφ + w
eiφ − wρ(e
iφ, t), w(z, 0) = z, (1)
where the Loewner density ρ(w, t) specifies the growth
process. The case when ρ(eiφ, t) = δ(φ−φ0) is the Dirac
peak, generates the local Loewner growth [11]. In partic-
ular, stochastic dynamics of the peak at φ0 leads to the
Schramm-Loewner evolution [14].
The deterministic Laplacian growth is a nonlocal pro-
cess generated by the density ρ∗(w, t) = Q/|z′(w, t)|2,
where z(w, t) is the inverse to the map w(z, t), and Q is
the growth rate. The fluctuations around ρ∗, which can
be written in the form [8]
ρ(w, t) =
1
|z′(w, t)|2
[
Q− 2ν
N∑
k=1
Re
ξk(t)
w − ξk(t)
]
, (2)
result in the fluctuations of the normal interface velocity
vn = |z′(eiφ, t)|ρ(eiφ, t). By ν we denoted the quanta of
the growth rate, Q (Q ν), and the points ξk (inside the
unit circle) are the collective coordinates parameterizing
the noise. Due to eq. (1) these points are the poles of
z(w, t). In Ref. [8] we argued that dissipation of the fluc-
tuations at the interface results in the Calogero dynamics
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2of the collective coordinates,
dξk
ξk
= −σdτ + 1
2
N∑
l 6=k
ξk + ξl
ξk − ξl dτ, (3)
where the term σ = Q/ν+N produces a drift toward the
origin, and τ(t) parameterizes trajectories of poles.
Stochastic Laplacian growth. Upon quantization the
Laplacian growth problem is similar to the semiclassi-
cal evolution of the electronic droplet in the quantum
Hall regime [7, 10]. In the latter system the quantum
effects are strong even in the semiclassical limit. To take
account of quantum effects, the only mean-field trajec-
tory (3) should be replaced by the ensemble of trajecto-
ries, which result in the Langevin dynamics of the collec-
tive coordinates [9]. Therefore, we consider the following
system of stochastic partial differential equations
d log ξk = −σdqk − κ
2
g(ξ1, . . . , ξ¯1, . . . )dqk+
+
1
2
N∑
l 6=k
ξk + ξl
ξk − ξl dqk +
1
2
N∑
l=1
ξk + 1/ξ¯l
ξk − 1/ξ¯l
dqk + idBk. (4)
Here, the trajectories of poles are parameterzied by
the different “times” qk(t). The random processes,
dBk(t), are determined by the mean zero and covariance
Cov[dBk(t), dBl(0)] = (κ/2)δkldqk(t). Besides, we added
the interaction between the points inside the unit circle
and their “mirror images” outside. By g = ξ−1k (ξk∂ξk +
ξ¯k∂ξ¯k) logZ we denoted the logarithmic derivative of the
correlation function Z = 〈∏k Ψ(ξk, ξ¯k)〉D of the primary
fields Ψ with the conformal dimensions h = −(6+κ)/(2κ)
of the boundary Liouville conformal field theory with the
central charge c = 1 + 3(κ+ 4)2/(2κ).
The ansatz (4) can be justified by coupling a con-
formal field theory (CFT) with stochastic Laplacian
growth (1), (2) and (4) in the long time asymptotic.
Then, it becomes possible to express a set of martingales
in terms of conformal correlation functions [15]. The
martingale conditions specify the drift term in eq. (4),
and the distribution function of noise (cf. Ref. [16]).
Correlation functions and martingales. Let us consider
a CFT outside Dt. It is characterized by a set of scaling
operators (primary fields) Φh(z, z¯) constituting represen-
tations of the Virasoro algebra [17]. The conformal di-
mensions h specify the transformation of the correlation
functions of primary fields under conformal maps [18],
〈
∏
k
Φhk(zk, z¯k)〉Dt = 〈
∏
k
|w′(zk, t)|2hkΦhk(wk, w¯k)〉D.
(5)
The correlation functions are known to be closely re-
lated to statistical martingales of the Schramm-Loewner
evolution [19]. A similar approach can be used in the
case of stochastic Laplacian growth, provided consider-
ably strict constraints. Let us introduce the following
FIG. 1. The time dependent conformal map w(z, t) from the
exterior of the domain Dt to the complement of the unit disk
D in the auxiliary w plane. The dashed lines in the z plane
represent the fjord centerlines γk bounded by the endpoints
ζ0k ≡ z(w0k(t), t) = const and ζk = z(wk(t), t). The curve γ˜k
in the w plane with the endpoints wk and w
0
k is the image of
γk under the conformal map.
normalized correlation function
FDt({ζ, ζ0}) =
〈∏k Ψ(ζk, ζ¯k)Φh(ζ0k , ζ¯0k)〉Dt
〈∏k Ψ(ζk, ζ¯k)〉Dt , (6)
where k = 1, . . . , N . The positions of the fields are speci-
fied by the endpoints, ζ0k ≡ ζk(0) = const and ζk ≡ ζk(t),
of the (dynamically generated) centerlines of the fjords
of oil that separate fingers of water [20] (see Fig. 1).
A stochastic evolution of the domain Dt results in the
Langevin dynamics of the correlation functions, which
can be studied by mapping (6) to the w plane,
FDt({ζ, ζ0}) = FD({w,w0})
∏
k
|w′(ζ0k , t)|2hk , (7)
where wk = w(ζk, t) and w
0
k = w(ζ
0
k , t). Let w → w+(w)
be the infinitesimal conformal transformation generated
by the Loewner chain, i.e., (w) = wp(w)dt, where p(w)
denotes the integral over the angle in eq. (1). Since
Re p(eiφ) < 0 this transformation does not preserve the
geometry. Taking account of (w)/w = w¯(1/w¯) when
|w| = 1, and p(1/w¯) = −p¯(w¯), one determines the corre-
sponding transformation of the antiholomorphic sector,
namely, ∗(w∗) = −(w) [21].
Since the conformal map changes with time stochas-
tically, we take the Itoˆ derivative of (7). To begin
with, let us consider a variation of the primary field,
dΦh = |w′(z, t)|2h(h′− h′+ ∂w − ∂w¯)Φh. Below, only
the key points of the computation will be mentioned,
while the technical details will be presented elsewhere.
Conformal transformations at the bottoms of fjords.
First, if the point w is located in the vicinity of the unit
circle, the difference I(w) = wp′(w)− wp′(w) reduces to
the contour integral around w ≈ eiθ,
I(w) = −2w
∮
w
dv
2pii
ρ(v, t)
(v − w)2 . (8)
3Since ρ(v, t) depends on the conformal map, the criti-
cal points of z′(w, t) contribute to the integral. The map
z(w, t) is conformal outside the unit disk. Thus, all singu-
larities of ∂z(w, t)/∂w are located inside the disk. Below,
we consider a solution whose derivative has a form [22]
z′(w, t) = r(t)
N ′∏
j=1
w − ucj(t)
w − usj(t)
, (9)
where N ′ > N and by uc and us we denoted the crit-
ical and singular points z′ correspondingly. Contrary
to the deterministic Laplacian growth problem, the dy-
namics (1), (2) and (4) does not preserve the number of
singular points—each time step δt the function z′(w, t)
develops N new poles at the points ξk(t) [23].
In the limit r(t) → ∞, the mirrored pre-images,
ξ0k = 1/w¯
0
k, of the fjord’s tips, ζ
0
k = z(w
0
k, t), approach
the unit circle, log(1−|ξ0k|) ≈ −r(t)/|αk|, where the con-
stants αk are determined by the shapes of the fjords [24].
Besides, the critical and singular points are separated
in pairs, so that |ucj − usj | ∼ 1/r(t). Then, the con-
tribution of the factor |z′(w, t)|−2 to the integral (8),
namely, −2 Im[w0kz′′(w0k)/z′(w0k)]ρ(w0k) ∼ ρ(w0k)/r(t), is
suppressed when compared to the contribution of the
poles at w = ξk of the density (2). Thus,
I(w0k) =
−2ν
|z′(w0k, t)|2
N∑
j=1
[
w0kξj
(w0k − ξj)2
− c.c.
]
+O(1/r),
(10)
where c.c. denotes the complex conjugated terms. The
prefactor in eq. (10) is proportional to the normal inter-
face velocity squared, v∗n(e
iθ, t) = Q|z′(eiθ, t)|−1, which
becomes exponentially small (log |z′(w0k, t)| ∼ r(t)/|αk|)
at the bottoms of fjords—the interface develops “stagna-
tion points”, that stay almost fixed during growth.
Boundary conditions. The second key point in the
computation of dF are the Neumann boundary condi-
tions for the fields Φh(wk, w¯k) = Φh(e
iθk) located expo-
nentially close to the unit circle,
∂n(ww¯)
hΦh(w, w¯)
∣∣
w=exp(iθk)
= 0, (11)
where ∂n = w∂w + w¯∂w¯ is the normal derivative. Note,
that in the coordinates, w = exp(ix − y), eq. (11) takes
the form ∂yΦh(x, y)|y=0 = 0.
Transformations of fields. The formulas (8), (10)
and (11), together with the equality Re(dw/wdt) =
−ρ(w) for w = exp(iθ), determine the variation of the
field Φwh (z, z¯) ≡ |w′(z, t)|2hΦh(w, w¯), under stochastic
Laplacian growth,
dΦwh (ζ
0, ζ¯0)
|w′(ζ0, t)|2hdt =
[
hI(eiθ) + ρ(eiθ)i∂θ
]
Φh(e
iθ), (12)
where i∂θ = w¯∂w¯ − w∂w is the tangential derivative.
Further, let us consider a contribution of the fields
Ψ(ζk, ζ¯k) located at the endpoints ζk = z(wk(t), t) of the
fjord’s centerlines. Since the Jacobians coming from the
transformations of the fields are canceled in the numera-
tor and denominator of the correlation function (7), the
Itoˆ derivative of Ψ(ξ, ξ¯) reads
dΨ = −(κ/4)(ξ∂ξ + ξ¯∂ξ¯)2Ψdq + ∂ξΨdξ + ∂ξ¯Ψdξ¯. (13)
Langevin dynamics of correlation functions. Finally,
one can neglect the difference in the normal interface ve-
locities near stagnation points as r(t)→∞. Namely, the
conformal factors |w′(ζ0k , t)| with k = 1, . . . , N are equal
up to exponentially small corrections in r(t). Then, by
taking account of eq. (4), one obtains the following ex-
pression for the Itoˆ derivative of FDt({ζ, ζ0}),
dFDt =
N∏
j=1
|w′(ζ0j , t)|2hj
N∑
k=1
[
idBk(l
(k)
−1 + l¯
(k)
−1)+
+ dqk
(
−κ
4
(l
(k)
−1 + l¯
(k)
−1)
2 + l
(k,h)
−2 + l¯
(k,−h)
−2
)]
FD, (14)
Here, we set dqk(t) = ν|w′(ζ0k , t)|2dt (note, that all dqk
with k = 1, 2 . . . are equal in the limit r(t) → ∞), and
introduced the differential operators l
(k)
−1 = ξk∂ξk , and
l
(k,h)
−2 = −
1
2
∑
j 6=k
ξk + ξj
ξk − ξj ξj∂ξj +
1
2
∑
j
ξk + 1/ξ¯j
ξk − 1/ξ¯j
ξ¯j∂ξ¯j−
+
1
2
∑
j
ξk + e
iθj
ξk − eiθj i∂θj −
∑
j
2hξke
iθj
(ξk − eiθj )2 , (15)
where h is the conformal dimension of Φh.
BPZ equations. The primary fields of CFTs form the
highest weight representations of the Virasoro algebra.
These representations are not necessarily irreducible, be-
cause of the null vectors in the Verma modules. The
relevant example is the null vector at the second level,
which exist whenever the weight of the highest vector, h,
takes a value from the Kac table,
h = h21 = −6 + κ
2κ
, with c = 1 + 3
(κ+ 4)2
2κ
. (16)
Note, that we consider the Virasoro algebra with c ≥ 25
(a symmetry algebra of the Liouville field theory [25]),
contrary to the case of the Schramm-Loewner evolution,
which couples to CFTs with c ≤ 1 [19, 26]. The reason is
that the differential equations for F , expressing the de-
coupling of the null vector, matches with the expression
in the right hand side of eq. (14) when c ≥ 25 [27].
The correlation functions that involve the degenerate
fields (which correspond to the null vectors) satisfy linear
partial differential equations called a Belavin-Polyakov-
Zamolodchikov (BPZ) equations [17]. In the case of
the function (6), which involves N degenerates fields
Ψ(ζk, ζ¯k), the corresponding BPZ equations read[
−κ
4
(l
(k)
−1)
2 + l
(k,h)
−2
]
FD = 0, k = 1, . . . , N, (17)
4and similar equations hold for the antiholomorphic sec-
tor. Eqs. (17) allow one to recast the Langevein dynam-
ics (14) of F in the form
dFDt({ζ, ζ0})∏
k |w′(ζ0k , t)|2hk
=
N∑
k=1
[
dBkl
(k)
−1 − dqk
κ
2
∆(k)
]
FD, (18)
where ∆(k) = l
(k)
−1 l¯
(k)
−1 is the Laplace operator.
Martingales of stochastic Laplacian growth. When sta-
tistical mechanics is coupled with stochastic processes,
e.g., with the Schramm-Loewner evolution, the martin-
gales become essential ingredients for estimating proba-
bility of events, representing the conditioned correlation
functions of statistical systems [19, 26]. Roughly speak-
ing, these are the processes whose expectation values are
constant in time, i.e., the martingales satisfy stochastic
differential equations without a drift term [28].
The drift term in the right hand side of eq. (18)
measures the degree to which FDt fails to be a mar-
tingale (cf. Ref. [29]). When the drift term van-
ishes, i.e., the points are determined by the equation∑N
k=1 ∆
(k)FD({ξ, ξ¯, eiθ}) = 0, the function (6) represents
the martingale of stochastic Laplacian growth.
Conclusion. In this paper we proposed a relation be-
tween the martingales of stochastic Laplacian growth and
correlation functions in the Liouville field theory with
c ≥ 25. The correlation function (6) determines a prob-
ability of the growth process to generate the set of fjords
at the interface, whose centerlines start at ζ0k and pass
through ζk as r(t) → ∞. The proposed theory promises
to elucidate geometrical properties of observed patterns
in terms of the only parameter κ. A natural extension of
this work is to study a scaling of the harmonic measure
at the bottoms of fjords. It will be the first step to-
ward the multifarctal analysis of growing clusters, which
is known to be a stubborn barrier to our understanding
of Laplacian growth and diffusion-limited aggregation.
Although the proposed approach provides a promising
angle for understanding of nonlocal stochastic Loewner
chains, much remains to be done. While the ansatz (4)
was justified by methods of statistical mechanics, its in-
terpretation from the probability theory point of view is
lacking. Remarkably, however, that the dynamics of the
fjord’s centerlines bears resemblance to the time-reversed
Schramm-Loewner evolution. Another important prob-
lem is to study stochastic growth with the finite confor-
mal radius, which serves as a “mass” scale. Then, the
approach proposed in Refs. [30, 31] promises to clarify
the perturbation theory for stochastic Laplacian growth.
∗ teknoanarchy@gmail.com
[1] H. E. Stanley and N. Ostrowsky, On Growth and Form,
Nato Science Series E: (Springer, Netherlands, 1986).
[2] P. Pelce and A. Libchaber, Dynamics of curved fronts,
Perspectives in Physics (Academic Press, San Diego,
1988).
[3] D. Bensimon, L. P. Kadanoff, S. Liang, B. I. Shraiman,
and C. Tang, Rev. Mod. Phys. 58, 977 (1986).
[4] T. A. Witten and L. M. Sander, Phys. Rev. Lett. 47,
1400 (1981).
[5] S. Richardson, J. Fluid Mech. 56, 609 (1972).
[6] M. Mineev-Weinstein, P. Wiegmann, and A. Zabrodin,
Phys. Rev. Lett. 84, 5106 (2000).
[7] O. Alekseev, ArXiv e-prints (2017), arXiv:1710.08207
[cond-mat.stat-mech].
[8] O. Alekseev, ArXiv e-prints (2017), arXiv:1710.08206
[cond-mat.stat-mech].
[9] D. Lacroix and S. Ayik, Eur. Phys. J. A 50, 95 (2014).
[10] O. Agam, E. Bettelheim, P. Wiegmann, and
A. Zabrodin, Phys. Rev. Lett. 88, 236801 (2002).
[11] K. Lo¨wner, Math. Ann. 89, 103 (1923).
[12] P. P. Kufarev, Rec. Math. [Mat. Sbornik] N.S. 13, 87
(1941), in Russian.
[13] Here and below, prime and dot denote the partial deriva-
tives with respect to the coordinate an time respectively.
[14] O. Schramm, Isr. J. Math. 118, 221 (2000).
[15] Roughly speaking, martingales are stochastic processes
whose expectation values are constant in time.
[16] M. Bauer, D. Bernard, and K. Kyto¨la¨, J. Stat. Phys.
120, 1125 (2005).
[17] A. A. Belavin, A. M. Polyakov, and A. B. Zamolod-
chikov, Nucl. Phys. B 241, 333 (1984).
[18] We only consider the spinless operators with equal holo-
morphic and anti-holomorphic conformal dimensions.
[19] M. Bauer and D. Bernard, Comm. Math. Phys. 239, 493
(2003).
[20] The centerlines are equidistant from the fjord edges.
[21] More precisely, the CFT is defined on the Schottky dou-
ble of C \Dt.
[22] The domains, whose uniformization maps (more pre-
cisely, its derivative) are rational functions, are called
abelian domains [32].
[23] In the limit δt→ 0 the generation of poles results in the
development of the branch cuts of z′(w, t).
[24] S. Ponce Dawson and M. Mineev-Weinstein, Phys. Rev.
E 57, 3063 (1998).
[25] Y. Nakayama, Int. J. Mod. Phy. A 19, 2771 (2004).
[26] M. Bauer and D. Bernard, Phys. Lett. B 557, 309 (2003).
[27] Note, that the poles ξk in (4) attract each other in the
tangential direction, while in the case of the Schramm-
Loewner evolution they are repealed.
[28] I. Karatzas and S. Shreve, Brownian Motion and Stochas-
tic Calculus, 2nd ed., Graduate Texts in Mathematics,
Vol. 113 (Springer, New York, 1998).
[29] A. Gamsa and J. Cardy, Journal of Physics A: Mathe-
matical and General 39, 12983 (2006).
[30] M. Bauer, D. Bernard, and L. Cantini, J. Stat. Mech.
2009, P07037 (2009).
[31] N. Makarov and S. Smirnov, in XVIth International
Congress on Mathematical Physics, Vol. 40, edited by
P. Exner (World Sci. Publ., Hackensack, NJ, 2010) pp.
362–371.
[32] A. N. Varchenko and P. I. Etingof, Why the Boundary
of a Round Drop Becomes a Curve of Order Four, Uni-
versity Lecture Series (American Mathematical Society,
Providence, R.I., 1992).
